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Cette étude propose l'utilisation de chaînes de Markov pour l'évaluation
de prix d'options à barrière avec vérification à temps discrets dans des contextes de
volatilité constante ou variable. La méthode utilise une chaîne de Markov
homogène afin d'approcher le processus stochastique postulé pour l'actif sous-
jacent. Cette méthode procure un environnement naturel pour évaluer ce type
d'option puisque le pas discret de la chaîne de Markov peut être adapté à la
longueur de temps entre les vérifications de la barrière. Le prix du sous-jacent peut
aussi être discrétisé de façon optimale par rapport à la barrière. La méthode est
rapide, flexible et simple à implanter puisque le calcul de prix d'options
européennes et américaines est réalisé à l'aide de multiplications matricielles. De
plus, la méthode proposée est précise pour les cas difficiles où la barrière est située
près de la valeur du sous-jacent. Les options « knock-in » et « knock-out » sont
examinées. Différents types de barrières telles les barrières doubles ainsi que les
barrières mobiles sont aussi examinés.
We propose a Markov chain method for pricing discretely monitored
barrier options in both the constant and time-varying volatility valuation
frameworks. The method uses a time homogeneous Markov Chain to approximate
the underlying asset price process. Our approach provides a natural framework
for pricing discretely monitored barrier options because the discrete time step of
the Markov chain can be easily matched with the monitoring frequency of the
barrier. Furthermore the underlying asset price can also be partitioned to have the
barrier suitably placed. Our method is fast, flexible and easy to implement as it
reduces the pricing of American and European barrier options to simple matrix
operations. Our method can efficiently handle the difficult cases where the barrier
is close to the initial asset price. We study both knock-in and knock-out barrier
options. Different types of barriers such as single, double and moving barriers are
also analyzed.
Mots Clés : Options à barrière, chaînes de Markov, matrices creuses, options
américaines, options knock-in, options knock-out
Keywords : Barrier options, Markov chain, sparse matrix, American options,
knock-in options, knock-out options
1 Introduction
Barrier options have become almost as popular as their plain vanilla
counterparts. They are desirable risk management tools because hedging
costs are reduced by surrendering (via a knock-out or knock-in provision)
a portion of the option's payo that is deemed non-essential from a risk
management and/or trading perspective. The typical analytical pricing
formulas were derived based on the assumption of continuous monitoring
of the barrier, but real-life barrier options are monitored at a set of time
points that are discretely spaced over the life of the option contract. By
now, it is well known that the frequency of monitoring has an important
eect on the option's price. In the literature, several numerical schemes
have been proposed to address the pricing of barrier options in a discrete
monitoring framework.
A commonly used technique is the trinomial tree scheme. Ritchken
(1995) evaluated barrier options with continuous monitoring by adjust-
ing a stretch parameter in the trinomial tree so that a row of nodes
coincides with the barrier. Ceuk and Vorst (1996) price discretely mon-
itored barrier options by adjusting the geometry of the trinomial tree so
that the barrier always lies exactly halfway between two nodes at each
monitoring time. With this method, a minimum of 50 trinomial steps
between two consecutive barrier monitoring points is needed to achieve a
reasonable level of pricing accuracy. If daily monitoring is required, the
Ceuk and Vorst method can become computationally intensive. Boyle
and Tian (1998) and Zvan et al. (1998) employ a nite dierence (or
nite element) scheme to price both discretely and continuously moni-
tored barrier options. Their methods are exible, but exibility comes at
a price. The nite dierence (nite element) method is computationally
demanding as one must partition the price and time dimensions into a
reasonably ne grid to obtain pricing accuracy. An alternative method-
ology for pricing barrier options is provided by Reimer and Sandman
(1995). They employed backward reduction and quadratic interpolation
in a binomial tree framework to obtain barrier option prices. Heynen
and Kat (1996) found closed form solutions for discretely monitored
European style barrier options by applying the Girsanov theorem to ex-
press the barrier option price as a function of an n-dimensional integral.
The dimension of the integral must grow with the number of monitoring
time points, and the increase in dimension as required by more frequent
monitoring quickly renders their method numerically inoperable. Wei
(1998) improved upon the Heynen and Kat (1996) method by using a
combination of integral reduction technique and linear interpolation. He
also evaluated exponentially decreasing and increasing barrier options.
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Broadie et al. (1997) provided a computationally ecient adjustment to
the Rubinstein and Reiner's (1991) closed-form solution for continuously
monitored European style barrier options. Their adjustment works well
for up-and-out European puts and down-and-out European calls. Their
method deteriorates noticeably for other types of barrier options and has
diculty in dealing with a barrier that is close to the underlying stock
price. Finally, Boyle et al. (1997) derived a conditional Monte Carlo ap-
proach for the valuation of discretely monitored barrier options. Their
method retains the typical features of the Monte Carlo scheme, which
is robust to dierent contract specications but slower in computation
and has diculty in dealing with American style options.
The existing numerical schemes for barrier options are typically de-
veloped for the constant volatility Black-Scholes (1973) option pricing
framework. Whether these numerical methods can be easily general-
ized to a more general time-varying volatility setting remains to be seen.
(Monte Carlo simulation is an obvious method that can be generalized.)
The purpose of this paper is to design a numerical framework that is
capable of dealing with both European and American style discretely
monitored barrier options in either the constant or time-varying volatil-
ity framework. Our method utilizes the Markov chain approximation
design recently proposed by Duan and Simonato (1999) for dealing with
the constant and time-varying volatility option pricing problems. Unlike
the traditional lattice scheme, the Markov chain approach unties the link
between the number of asset prices and the number of time steps used
in the approximation. This independence between the price and time
dimensions allows us to adjust the time step of the Markov chain to ex-
actly t the barrier monitoring frequency without sacricing the neness
of the asset price approximation. In comparison to the nite dierence
(nite element) approach, we can avoid the computational burden as-
sociated with the unnecessary renement of time due to the numerical
approximation of the partial dierential equation. The Markov chain
method also allows us to suitably place the barrier in relation to the
discretized asset prices of the Markov chain. As discussed in Boyle and
Lau (1994) and Boyle and Tian (1998), the placement of the barrier
is important because it determines the performance of an algorithm in
handling the dicult case where the barrier is located near the initial
asset price.
We describe in Section 2 the Markov chain method for barrier options
when the underlying asset has a constant volatility. The Markov chain
method for the time-varying volatility case is described in Section 3. We
provide an analysis of the Markov chain method's performance for many
types of barrier options in Section 4. Section 5 concludes.
2
2 The constant volatility option pricing
framework
2.1 The Markov chain method for plain vanilla op-
tions: a brief review
Let the asset price at time t be S
t
. The Black-Scholes (1973) constant
volatility option pricing framework is based on the assumption that the
asset price follows a geometric Brownian motion process under the data
generating probability measure P :
dS
t
= S
t
dt+ S
t
dW
t
(1)
By the Black-Scholes option pricing theory, option valuation can be im-
plemented simply as a discounted expected value of the contingent pay-
o associated with a derivative contract under the risk-neutralized asset
price dynamic. This risk-neutralized asset price dynamic is also a geo-
metric Brownian motion process with a change in drift. That is,
dS
t
= rS
t
dt+ S
t
dW

t
(2)
where r is a constant risk-free rate of interest and W

t
is the stan-
dard Brownian motion with respect to the risk-neutralized probabil-
ity measure Q. For option pricing, one only needs to be concerned
with the system in equation (2). To approximate this stochastic pro-
cess, we use a Markov chain X = fX
t
: t 2 f0; 1; :::gg with state space
fp
1
; p
2
; :::; p
m
g and transition probability matrix Q as an approximation
for fln(S
t
) : t  0g, wherem is an odd integer and p
(m+1)=2
= ln(S
0
). As
shown in Duan and Simonato (1999), one can construct a time homoge-
nous Markov chain in such a way that, as m! 1, the chain converges
to the target stochastic process over the time index set ft = 0; 1; :::g and
option prices computed with this chain converge to the theoretical option
values.
In constructing the approximating Markov chain, two decisions need
to be made. First, one must choose the set of discrete prices, i.e.,
fp
1
; p
2
; :::; p
m
g. The second decision is concerned with the length of
a time step. For a given set of prices, a dierent length of the time step
simply produces a transition matrix with a dierent set of entries. We
let
 !
p = [p
1
; p
2
; :::; p
m
]
0
and its associated transition probability matrix
be
Q =
2
6
4
q
11
   q
1m
.
.
.
.
.
.
.
.
.
q
m1
   q
mm
3
7
5
: (3)
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The specic procedures for setting
 !
p and computing Q are available in
Duan and Simonato (1999). It is worth noting that all entries of Q can
be computed analytically.
An American option's price with maturity T and strike price K can
be computed by the following recursive system:
V (
 !
p ; t) = max

g(
 !
p ;K); e
 r
QV (
 !
p ; t+ 1)

; t 2 f0; 1; :::; T   1g
(4)
with
V (
 !
p ; T ) = g(
 !
p ;K)
where V (
 !
p ; t) is the time-t option price vector corresponding to the vec-
tor
 !
p ; max[; ] is a vector-valued function returning the maximum value
on an element-by-element basis; g(
 !
p ;K) is the option's payo func-
tion upon exercise. Note that g(
 !
p ;K) = max
n
w
h
exp (
 !
p ) K
~
1
i
;
~
0
o
where
~
0 and
~
1 denote vectors of zeros and ones, respectively, and w
indicates a call (w = 1) or a put (w =  1).
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The time-0 option price
is the (
m+1
2
)-th element of V (
 !
p ; 0). For European options where early
exercise is not permitted, the recursive system can be simplied to:
V (
 !
p ; 0) = e
 rT
Q
T
max
n
w[exp (
 !
p ) K
~
1];
~
0
o
: (5)
Three points are worth noting. First, as shown by equation (4), op-
tion valuation in the Markov chain setting is reduced to simple matrix
operations. Second, the transition probability matrix associated with
this Markov chain is usually sparse. In other words, many elements of
this matrix are numerically negligible. This property is important be-
cause it drastically reduces storage and computation costs. This in turn
ensures a better numerical result because a larger dimensional Markov
chain can actually be implemented. Third, compared to the typical lat-
tice approach, the Markov chain method oers one more degree of free-
dom in design which is convenient for dealing with discrete monitoring.
In a standard trinomial tree scheme, for example, the number of possible
prices directly depends on the number of time steps chosen. In fact, the
1
Our Markov chain approximation diers slightly from that of Duan and Simonato
(1999). We have partitioned ln(S
t
) instead of ln(e
 (r 

2
2
)t
S
t
) as in Duan and Si-
monato (1999). As a result, we do not need to include the argument t in the function
g(; ). The consideration of Duan and Simonato (1999) was to remove the drift in
the asset price before partitioning so that the price evolution is properly centered.
Our modication is designed specically for barrier options so that we can control
the placement of the barrier in relation to the discrete asset prices.
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formula is 2n + 1 where n is the number of time steps. In the Markov
chain framework, these two decisions can be made independently.
2
2.2 Valuing barrier options
To value barrier options, it is convenient to augment the system by
an auxiliary variable a
t
. This auxiliary variable takes on two possible
values: a
t
= 1 if the barrier condition is triggered before or at time t and
a
t
= 0 if otherwise. Discrete monitoring need not take place at every
period. If, for example, monitoring takes place every other period, say,
1; 3; 5; :::, such a case can be easily handled as moving barriers. In our
setup, monitoring is assumed to take place at f0; 1; :::; Tg.
An American style barrier option can be valued by the following
recursive bivariate system: for t 2 f0; 1; :::; T   1g
v(p
i
; t; a
t
= 0)
= max
2
6
6
6
6
4
g (p
i
;K; a
t
= 0) ;
e
 r
P
m
j=1
QfX
t+1
= p
j
; a
t+1
= 0j
X
t
= p
i
; a
t
= 0gv(p
j
; t+ 1; a
t+1
= 0)
+e
 r
P
m
j=1
QfX
t+1
= p
j
; a
t+1
= 1j
X
t
= p
i
; a
t
= 0gv(p
j
; t+ 1; a
t+1
= 1)
3
7
7
7
7
5
; (6)
v(p
i
; t; a
t
= 1)
= max
2
6
6
6
6
4
g (p
i
;K; a
t
= 1) ;
e
 r
P
m
j=1
QfX
t+1
= p
j
; a
t+1
= 0j
X
t
= p
i
; a
t
= 1gv(p
j
; t+ 1; a
t+1
= 0)
+e
 r
P
m
j=1
QfX
t+1
= p
j
; a
t+1
= 1j
X
t
= p
i
; a
t
= 1gv(p
j
; t+ 1; a
t+1
= 1)
3
7
7
7
7
5
(7)
where v(p
i
; t; a
t
) captures the relevant barrier option value at time t cor-
responding to the underlying asset price p
i
and the auxiliary condition
a
t
= 1 or 0; g (p
i
;K; a
t
) is the immediate exercise value at time t corre-
sponding to the underlying asset price p
i
and the barrier condition a
t
.
The values of g(p
i
;K; a
t
) and the terminal conditions for v(p
i
; T ; a
T
= 0)
2
The trinomial tree scheme can be viewed as a special Markov chain. For example,
a two-step standard trinomial tree (ve possible prices from low to high) with the
probability of going down (p) and up (q) has the following transition probability
matrix:
2
6
6
6
4
1 0 0 0 0
p 1  p  q q 0 0
0 p 1  p  q q 0
0 0 p 1  p  q q
0 0 0 0 1
3
7
7
7
5
:
5
and v(p
i
; T ; a
T
= 1), of course, depend on the nature of the barrier op-
tion under consideration.
It is important to note that the appropriate barrier option value
at the time t must be suitably chosen from the two alternative values:
v(p
i
; t; a
t
= 0) and v(p
i
; t; a
t
= 1). Since a particular p
i
may not be
compatible with a
0
= 0, some adjustment may be needed. This becomes
clear by considering an example of the knock-out option. If p
i
is in the
knock-out region, then it is only consistent with a
t
= 1. The knock-
out option value at time t thus equals v(p
i
; t; a
t
= 1). If, on the other
hand, p
i
is not in the knock-out region, then there are two possibilities.
First, the prices at the previous time points have already knocked out
the option so that the knock-out option value equals v(p
i
; t; a
t
= 1).
Second, the option has not yet been knocked out so that the correct
value equals v(p
i
; t; a
t
= 0). The recursive valuation system in equations
(6) and (7) is, however, unaected by this complication if we make sure
that the transition probability corresponding to any null set equals zero.
Since all incompatible combinations of p
i
and a
t
constitute a null set, we
can ignore such a complication entirely until we are already at the time
of option valuation. In other words, assigning an arbitrary value to an
incompatible combination does not aect the integrity of the valuation
system. The way for suitably choosing the appropriate value between
v(p
i
; t; a
t
= 0) and v(p
i
; t; a
t
= 1) will be discussed in the specic cases
later.
For European style barrier options, one simply sets g (p
i
;K; a
t
) = 0
for t < T . The maximum function can also be ignored because the dis-
counted one-period average value will always be non-negative. For some
European style barrier options, the recursive system can be simplied in
a way that is similar to the plain vanilla contract described in equation
(5), but it is not true for all barrier options.
2.2.1 The knock-out barrier options
A knock-out barrier option diers from the standard option in that the
option gets knocked out and becomes worthless whenever the underlying
asset price has touched or crossed a constant barrierH at any monitoring
time point. For a double barrier option, there are two barriers: the lower
barrier H and the upper barrier H

between which the underlying asset
price at the monitoring times must remain or the option will be knocked
out. The auxiliary variable a
t
= 1 if the barrier option gets knocked out
at or prior to time t, and a
t
= 0 if otherwise.
It is obvious that the knock-out option's value at time t equals zero
when a
t
= 1 regardless of the prevailing underlying asset price. In other
6
words, v(p
i
; t; a
t
= 1) = 0. This simplies the recursive bivariate system
in (6) and (7) to a recursive univariate system:
v(p
i
; t; a
t
= 0)
= max
2
4
g (p
i
;K; a
t
= 0) ;
e
 r
P
m
j=1
QfX
t+1
= p
j
; a
t+1
= 0jX
t
= p
i
; a
t
= 0g
v(p
j
; t+ 1; a
t+1
= 0)
3
5
(8)
where the terminal condition is v(p
i
; T ; a
T
= 0) = maxfw[exp(p
i
)  
K]; 0g; and g(p
i
;K; a
t
= 0) equals maxfw[exp(p
i
) K]; 0g or 0, depend-
ing on whether it is an American or European knock-out option.
3
To compute the transition probability, it is convenient to rst dene
the set of the states for which the option is knocked out (in):
S =
8
>
>
<
>
>
:
fi 2 f1; :::;mg : exp (p
i
)  Hg for a down-and-out (in) option
fi 2 f1; :::;mg : exp (p
i
)  H

g for an up-and-out (in) option
fi 2 f1; :::;mg : exp (p
i
)  H or exp (p
i
)  H

g
for a double-barrier-out (in) option.
(9)
Note that the denition of S will be also used later for knock-in options
which is the reason for having \(in)" in the above denition. Since
the option's value equals zero if the barrier is crossed, we focus on the
transition probabilities 
ij
of passing from state p
i
to state p
j
without
crossing the barrier :

ij
= QfX
t+1
= p
j
; a
t+1
= 0jX
t
= p
i
; a
t
= 0g =

q
ij
if i =2 S and j =2 S
0 otherwise
(10)
where q
ij
is taken from equation (3). It is obvious that the conditional
probability equals q
ij
when going from one price that is not in the knock-
out region to another that is also not in the knock-out region, provided
that the auxiliary variables are in agreement with such a transition.
If the transition is to a price that is in the knock-out region but the
auxiliary variable states otherwise, we are evaluating the probability
of a null set, which clearly has a zero conditional probability. If the
3
The combination that p
i
at time t is in the knock-out region and a
t
= 0 consti-
tutes a null set. On this null set, we still let g(p
i
;K;a
t
= 0) = maxfw[exp(p
i
) K]; 0g
if it is of American style, but its value should actually equal zero. As discussed earlier,
however, we can assign any value to the null set without aecting the integrity of
the recursive valuation system. Setting g(p
i
;K;a
t
= 0) the way we did nevertheless
simplies the valuation formula.
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current price is in the knock-out region but the auxiliary variable states
otherwise, we also have a null set. The probability conditional on a null
set such as fexp(p
i
)  H; a
t
= 0g is technically undened. Since the
probability of reaching such a null set is zero, we can conveniently set
such a conditional probability to zero without aecting the integrity of
the recursive system.
In order to put the recursive system in a vector-matrix form as in
equation (4), we dene three quasi-transition probability matrices for the
down-and-out, up-and-out and double-barrier-out options, respectively.

DO
=

0
k 1;k 1
0
k 1;m k+1
0
m k+1;k 1
Q(k;m; k;m)

(11)

UO
=

Q(1; l; 1; l) 0
l;m l
0
m l;l
0
m l;m l

(12)

DBO
=
2
4
0
k 1;k 1
0
k 1;l k+1
0
k 1;m l
0
l k+1;k 1
Q(k; l; k; l) 0
l k+1;m l
0
m l;k 1
0
m l;l k+1
0
m l;m l
3
5
(13)
where k is the index number of the price located immediately above the
lower barrier H and l is the index number of the price located imme-
diately below the upper barrier H

, 0
i;j
is a i  j matrix of zeros and
Q(i; j; k; l) is the sub-matrix of Q taken from rows i to j and columns k
to l inclusively.
In the vector-matrix form, an American knock-out option's price with
maturity T and strike priceK can be computed by the following recursive
system:
V (
 !
p ; t; a
t
= 0) = max

g(
 !
p ;K; a
t
= 0); e
 r
V (
 !
p ; t+ 1; a
t+1
= 0)

;
t 2 f0; 1; :::; T   1g (14)
V (
 !
p ; t; a
t
= 1) =
 !
0 ; t 2 f0; 1; :::; Tg (15)
with
g(
 !
p ;K; a
t
= 0) =

maxfw[exp(
 !
p ) K
~
1];
~
0g if it is of American style
~
0 if it is of European style
V (
 !
p ; T ; a
T
= 0) = max
n
w[exp (
 !
p ) K
~
1];
~
0
o
where V (
 !
p ; t; a
t
= 0) is the vector form of v(p
i
; t; a
t
= 0) and g(
 !
p ;K; a
t
=
0) is the vector form of g(p
i
;K; a
t
= 0);  is either 
DO
, 
UO
or 
DBO
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depending on the nature of the knock-out option. Recall that w indicates
a call (w = 1) or a put (w =  1).
Suitably combining equations (14) and (15), we have a nal valuation
system for the knock-out option as follows:
V (
 !
p ; 0) =

BV (
 !
p ; 0; a
0
= 0) if a
0
= 0
~
0 if a
0
= 1:
(16)
where B =


ij

is an m m matrix satisfying the condition: 
ij
= 1
if i = j 2 S
c
and 0 otherwise. If a
0
= 1, the result is obvious. If
a
0
= 0, the value of the knock-out option depends on p
i
. If it is in
the knock-out region, the option value should be zero. If it is not in
the knock-out region, then the value must equal v(p
i
; 0; a
0
= 0). The
expression: BV (
 !
p ; 0; 0) performs exactly this operation. Again, the
time-0 option price is the (
m+1
2
)-th element of V (
 !
p ; 0). For European
options, the recursive valuation system can be simplied to:
V (
 !
p ; 0) =
(
e
 rT

T
max
n
w[exp (
 !
p ) K
~
1];
~
0
o
if a
0
= 0
~
0 if a
0
= 1:
: (17)
As pointed out by Boyle and Lau (1994) and Boyle and Tian (1998),
the position of discrete prices in relation to the barrier is important in
obtaining accurate barrier option prices. It is particularly sensitive in
the cases where the barrier is located near the initial stock price. The
Markov chain valuation setting is exible enough to allow for such an
adjustment. In Duan and Simonato (1999), the Markov chain is con-
structed with each p
i
being at the center of a cell with which the transi-
tion probability is computed. The cells can be easily constructed so that
the barrier corresponds exactly to one particular cell's border. Such a
construction ensures that the probability of being below or above the
barrier is precisely equal to the value prescribed by the theory. Speci-
cally, if ln (H) is contained between p
i 1
and p
i
, then we set the lower
boundary of the cell for p
i
to ln(H). Similarly, if ln (H

) is contained
between p
j 1
and p
j
, then we set the upper boundary of the cell for p
j 1
to ln(H

).
2.2.2 The knock-in barrier options
A knock-in barrier option diers from the standard option in that this
option is only activated when the underlying asset price has touched
or crossed a constant barrier H at least once at the monitoring time
points. Specically, the auxiliary variable a
t
= 1 if the barrier option
gets knocked in at or prior to time t, and a
t
= 0 if otherwise.
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It is obvious that the knock-in option becomes the standard option
once a
t
= 1. In regard to the valuation mechanism, the knock-in option
diers signicantly from the knock-out option because knock-in does not
simplify the valuation problem as much as does knock-out. The relevant
transition probability can be stated as
QfX
t+1
= p
j
; a
t+1
= 0jX
t
= p
i
; a
t
= 0g =

q
ij
if i =2 S and j =2 S
0 otherwise
(18)
QfX
t+1
= p
j
; a
t+1
= 1jX
t
= p
i
; a
t
= 0g =

q
ij
if i =2 S and j 2 S
0 otherwise
(19)
QfX
t+1
= p
j
; a
t+1
= 0jX
t
= p
i
; a
t
= 1g = 0 (20)
QfX
t+1
= p
j
; a
t+1
= 1jX
t
= p
i
; a
t
= 1g = q
ij
(21)
where q
ij
is taken from equation (3). Equations (18) and (19) are true
for the reason similar to that for equation (10). Equation (20) is true
because once the knock-in option is activated, it cannot be deactivated.
Since the transition probability from p
i
to p
j
remains unaected as long
as the option remains activated, we have equation (21).
The recursive bivariate system in equations (6) and (7) can only be
partially simplied to
v(p
i
; t; a
t
= 0) =
e
 r
P
m
j=1
QfX
t+1
= p
j
; a
t+1
= 0jX
t
= p
i
; a
t
= 0g
v(p
j
; t+ 1; a
t+1
= 0) + e
 r
P
m
j=1
QfX
t+1
= p
j
;
a
t+1
= 1jX
t
= p
i
; a
t
= 0gv(p
j
; t+ 1; a
t+1
= 1);
(22)
v(p
i
; t; a
t
= 1) = max
2
4
g (p
i
;K; a
t
= 1) ; e
 r
m
X
j=1
q
ij
v(p
j
; t+ 1; a
t+1
= 1)
3
5
(23)
because g(p
i
;K; a
t
= 0) equals 0 regardless of being American or Eu-
ropean style
4
, and g(p
i
;K; a
t
= 1) equals maxfw[exp(p
i
)  K]; 0g or 0,
depending on whether it is an American or European knock-in option.
The terminal conditions are
v(p
i
; T ; a
T
= 0) = 0 (24)
v(p
i
; T ; a
T
= 1) = maxfw[exp(p
i
) K]; 0g: (25)
4
If a particular p
i
fails to trigger knock-in, the immediate exercise value for the
American option clearly equals zero. If p
i
does trigger knock-in, then the event of
having such a p
i
and a
t
= 0 constitutes a null set. As discussed earlier, on this null
set, we can assign an arbitrary value. Thus, we can have g(p
i
;K; a
t
= 0) = 0 for all
p
i
.
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To put the system in a vector-matrix form, we let V (
 !
p ; t; a
t
= 0) be the
vector form of v(p
i
; t; a
t
= 0). Similarly, we let V (
 !
p ; t; a
t
= 1) be the
vector form of v(p
i
; t; a
t
= 1). We let

DI
= 
DO
=

0
k 1;k 1
0
k 1;m k+1
0
m k+1;k 1
Q(k;m; k;m)

;
,
DI
=

0
k 1;k 1
0
k 1;m k+1
Q(k;m; 1; k   1) 0
m k+1;m k+1


UI
= 
UO
=

Q(1; l; 1; l) 0
l;m l
0
m l;l
0
m l;m l

;
,
UI
=

0
l;l
Q(1; l; l+ 1;m)
0
m l;l
0
m l;m l


DBI
= 
DBO
;
,
DBI
=
2
4
0
k 1;k 1
0
k 1;l k+1
0
k 1;m l
Q(k; l; 1; k   1) 0
l k+1;l k+1
Q(k; l; l+ 1;m)
0
m l;k 1
0
m l;l k+1
0
m l;m l
3
5
Recall that 
DO
, 
UO
and 
DBO
have been dened in the previous
subsection. The vector-matrix form of the recursive valuation system
becomes
V (
 !
p ; t; a
t
= 0) = e
 r
V (
 !
p ; t+ 1; a
t+1
= 0)
+e
 r
,V (
 !
p ; t+ 1; a
t+1
= 1) (26)
V (
 !
p ; t; a
t
= 1) = max [g(
 !
p ;K; a
t
= 1);
e
 r
QV (
 !
p ; t+ 1; a
t+1
= 1)

(27)
with
g(
 !
p ;K; a
t
= 1) =

maxfw[exp(
 !
p ) K
~
1];
~
0g if it is of American style
~
0 if it is of European style
V (
 !
p ; T ; a
T
= 0) =
~
0
V (
 !
p ; T ; a
T
= 1) = max
n
w[exp (
 !
p ) K
~
1];
~
0
o
Note that appropriate  and , can be plugged into the recursive system
depending on the nature of the knock-in option. If the knock-in barrier
option has been activated initially, it is actually a standard option. Ac-
cording to the above recursive system, its valuation does not depend on
V (
 !
p ; t; a
t
= 0), which is hardly a surprise.
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Suitably combining equations (26) and (27), we have a nal valuation
system for the knock-in option as follows:
V (
 !
p ; 0) =

BV (
 !
p ; 0; a
0
= 0) +AV (
 !
p ; 0; a
0
= 1) if a
0
= 0
V (
 !
p ; 0; a
0
= 1) if a
0
= 1:
(28)
where A = [
ij
] and B =


ij

are two m  m matrices satisfying
the condition: 
ij
= 1 if i = j 2 S and 0 otherwise and 
ij
= 1
if i = j 2 S
c
and 0 otherwise. Note that A + B = I, the identity
matrix. If a
0
= 1, the result is obvious. If a
0
= 0, the value of the
knock-in option becomes BV (
 !
p ; 0; a
0
= 0) + AV (
 !
p ; 0; a
0
= 1). We
need to separately treat the two cases because the valuation result of
BV (
 !
p ; 0; a
0
= 0) + AV (
 !
p ; 0; a
0
= 1) may not apply to the case that
a
0
= 1. Consider a particular asset price at time 0, say p
i
, outside of
the knock-in region. This situation does not preclude the option to be
knocked in previously, however. (Note that time 0 denotes the time of
option valuation and the option may have already existed for some time.)
In other words, the event that p
i
is outside of the knock-in region and
a
0
= 1 need not be a null set. In such cases, the valuation equation of
BV (
 !
p ; 0; a
0
= 0)+AV (
 !
p ; 0; a
0
= 1) will assign values to the elements
of this set according to V (
 !
p ; 0; a
0
= 0), which should have been assigned
according to V (
 !
p ; 0; a
0
= 1) instead. Again, the time-0 option price is
the (
m+1
2
)-th element of V (
 !
p ; 0).
For European style knock-in options, we simply set g(
 !
p ;K; a
t
=
1) =
~
0 for t < T , and the recursive valuation system becomes
V (
 !
p ; t; a
t
= 0) = e
 r
V (
 !
p ; t+ 1; a
t+1
= 0)
+e
 r
,V (
 !
p ; t+ 1; a
t+1
= 1) (29)
V (
 !
p ; t; a
t
= 1) = e
 r
QV (
 !
p ; t+ 1; a
t+1
= 1): (30)
Combining with the terminal conditions, we can solve the above recursive
system to yield (see Appendix A for details):
V (
 !
p ; 0; 0) = e
 rT
 
T
X
i=1

T i
,Q
i 1
!
max
n
w[exp (
 !
p ) K
~
1];
~
0
o
(31)
V (
 !
p ; 0; 1) = e
 rT
Q
T
max
n
w[exp (
 !
p ) K
~
1];
~
0
o
: (32)
For European style knock-in and knock-out options, an in-out parity
can also be used to price one type of option by the other. The in-
out parity comes from the fact that holding simultaneously a knock-in
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and knock-out options is economically equivalent to holding a standard
option. Combining this idea with the earlier results in equations (5) and
(17) leads to the following expression for the value of a knock-in option:
V (
 !
p ; 0) =
8
<
:
e
 rT
 
Q
T
 
T

max

w[exp (
 !
p ) K
 !
1 ];
~
0

if a
0
= 0
e
 rT
Q
T
max

w[exp (
 !
p ) K
 !
1 ];
~
0

if a
0
= 1:
(33)
This is true because the T -step transition probabilities from the i
th
state
to the j
th
state with at least one crossing during the life time of the
option are given by
 
Q
T
 
T

if the option has not been knocked in
previously. If the option has already been knocked in, it is eectively
a standard option. We prove in Appendix B that using equations (31),
(32) and (28) to value European style knock-in options is equivalent to
using equation (33) directly.
2.2.3 The moving barrier options
Suppose the barrier is set according to a fH
t
: t 2 f0; 1; 2; :::; Tgg where
H
t
changes over time deterministically. Examples are step-barrier, partial-
barrier, exponential-barrier and intermittent-barrier options. For valu-
ation purposes, we only need to modify the procedure presented earlier
for the xed barrier option. First we change S to S
t
to reect the moving
barrier.
S
t
=
8
>
>
<
>
>
:
fi 2 f1; :::;mg : exp (p
i
)  H
t
g for a down-and-out (in) option
fi 2 f1; :::;mg : exp (p
i
)  H

t
g for an up-and-out (in) option
fi 2 f1; :::;mg : exp (p
i
)  H
t
or exp (p
i
)  H

t
g
for a double-barrier-out (in) option.
(34)
For knock-out options,
QfX
t+1
= p
j
; a
t+1
= 0jX
t
= p
i
; a
t
= 0g =

q
ij
if i =2 S
t
and j =2 S
t+1
0 otherwise
:
(35)
Thus, all three quasi-transition probability matrices must be indexed
by time, i.e., 
DO;t
; 
UO;t
; 
DBO;t
. The recursive valuation system in
equations (14) and (15) can be modied slightly to reect the fact that
the relevant quasi-transition probability matrix is time-varying.
V (
 !
p ; t; a
t
= 0) = max

g(
 !
p ;K; a
t
= 0); e
 r

t
V (
 !
p ; t+ 1; a
t+1
= 0)

;
t 2 f0; 1; :::; T   1g (36)
V (
 !
p ; t; a
t
= 1) =
~
0; t 2 f0; 1; :::; Tg (37)
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with
g(
 !
p ;K; a
t
= 0) =

maxfw[exp(
 !
p ) K
~
1];
~
0g if it is of American style
~
0 if it is of European style
V (
 !
p ; T ; a
T
= 0) = max
n
w[exp (
 !
p ) K
~
1];
~
0
o
:
Similar to equation (16), the nal valuation system after suitably com-
bining cases together becomes
V (
 !
p ; 0) =

BV (
 !
p ; 0; a
0
= 0) if a
0
= 0
~
0 if a
0
= 1;
(38)
where B =


ij

is an m m matrix satisfying the condition: 
ij
= 1
if i = j 2 S
c
and 0 otherwise. For European knock-out moving barrier
options, the recursive system can be simplied to:
V (
 !
p ; 0) =
(
e
 rT

0

1
: : :
T 1
max
n
w[exp (
 !
p ) K
~
1];
~
0
o
if a
0
= 0
~
0 if a
0
= 1;
:
(39)
Similarly, we can deal with knock-in options by indexing all quasi-transition
probability matrices.
3 The time-varying volatility option pricing
framework
3.1 The Markov chain method under GARCH: a
brief review
As mentioned earlier, one advantage of the Markov chain framework is its
ability to handle the time varying volatility case. We show here how this
method is used to approximate a time homogeneous bivariate Markov
process which contains, as a particular case, the GARCH(1,1) model.
Particularly, we consider the non-linear asymmetric GARCH(1,1) pro-
cess, NGARCH(1,1) for short, proposed in Engle and Ng (1993). The
NGARCH(1,1) process was also the model used by Duan and Simonato
(1999) in demonstrating their Markov chain approximation method.
Assume the following asset price dynamic under the data generating
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probability measure P :
ln
S
t+1
S
t
= r + 
p
h
t+1
 
1
2
h
t+1
+
p
h
t+1
"
t+1
(40)
h
t+1
= 
0
+ 
1
h
t
+ 
2
h
t
("
t
  )
2
(41)
"
t+1
jF
t
P
 N(0; 1) (42)
where F
t
is the -eld generated by fS
0
; h
0
; "

;  = 0; 1; 2;    ; tg; r is the
one-period, continuously compounded risk-free rate of interest;  is the
constant unit risk premium; h
t+1
is the conditional variance of the asset
return;  determines the leverage eect. The conditional variance follows
the NGARCH(1,1) process with the typical parameter restrictions: 
0
>
0; 
1
 0; 
2
 0; and 
1
+ 
2
(1 + 
2
) < 1. According to the valuation
theory developed by Duan (1995), the derivative contracts contingent
on S
t
can be valued by using a locally risk-neutralized price dynamic.
Specically, the asset price dynamic under the locally risk-neutralized
probability measure Q is
ln
S
t+1
S
t
= r  
1
2
h
t+1
+
p
h
t+1

t+1
(43)
h
t+1
= 
0
+ 
1
h
t
+ 
2
h
t
(
t
     )
2
(44)

t+1
jF
t
Q
 N(0; 1): (45)
Note that the above system is Markovian when expressed in a vector
form of f(S
t
; h
t+1
) : t 2 f0; 1; 2; :::gg.
To construct a Markov chain approximation, we have to discretize the
state space of the process. As described in Duan and Simonato (1999),
one can use f(p
i
; u
j
) : i 2 f1; 2; :::;mg ; j 2 f1; 2; :::; ngg and an mnmn
transition probability matrix Q to approximate
n
(lnS
t
; lnh
t+1
)
0
: t 2 f0; 1; 2; :::g
o
. The transition probability matrix
looks like
Q =
2
6
6
6
6
6
6
6
6
4
q (1; 1; 1; 1)    q (1; 1;m; 1) q (1; 1; 1; 2)    q (1; 1;m;n)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
q (m; 1; 1; 1)    q (m; 1;m; 1) q (m; 1; 1; 2)    q (m; 1;m;n)
q (1; 2; 1; 1)    q (1; 2;m; 1) q (1; 2; 1; 2)    q (1; 2;m;n)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
q (m;n; 1; 1)    q (m;n;m; 1) q (m;n; 1; 2)    q (m;n;m;n)
3
7
7
7
7
7
7
7
7
5
:
(46)
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In vectoring the system for option valuation, the stock price vector
containing m discretized logarithmic asset prices must be repeated for n
times to correspond to n dierent values of the conditional volatility
5
,
i.e.,
~p = [p
1
; p
2
;    ; p
m
;    ; p
1
; p
2
;    ; p
m
]
0
: (47)
With values for Q and ~p, equation (4) can be used to price standard call
and put options. Readers are referred to Duan and Simonato (1999) for
details on how to assign values to Q and ~p:
3.2 Moving barrier options
Since the constant barrier option is a special case of the moving barrier
option, we directly analyze the valuation of moving barrier options under
time-varying volatilities. Let S
t
be the set of indices corresponding to
the states where p
i
is on the other side of the barrier(s) at time t, as
dened in (34). The transition probability 
t;t+1
(i; j; k; l) from state
(p
i
; u
j
) to state (p
k
; u
l
) without crossing the barrier(s) is :

t;t+1
(i; j; k; l) =

q (i; j; k; l) if i 2 S
c
t
and k 2 S
c
t+1
0 if i 2 S
t
or k 2 S
t+1
: (48)
We store these probabilities in an mn mn matrix 
t
. Using this ma-
trix and the asset price vector in (47), the recursive valuation system
developed earlier becomes
V (
 !
p ; t; a
t
= 0) = max[g(
 !
p ;K; a
t
= 0); e
 r

t
V (
 !
p ; t+ 1; (49)
a
t+1
= 0)]; t 2 f0; 1; :::; T   1g (50)
V (
 !
p ; t; a
t
= 1) =
~
0; t 2 f0; 1; :::; T   1g (51)
with
g(
 !
p ;K; a
t
= 0) =

maxfw[exp(
 !
p ) K
~
1];
~
0g if it is of American style
~
0 if it is of European style
V (
 !
p ; T ; a
T
= 0) = maxfw[exp (
 !
p ) K
~
1];
~
0g:
Similar to the case of constant volatility, the nal valuation system after
suitably combining dierent cases becomes
V (
 !
p ; 0) =

BV (
 !
p ; 0; a
0
= 0) if a
0
= 0
~
0 if a
0
= 1;
(52)
5
Although the option payo vector is typically dened only in terms of the under-
lying asset price, repetition is necessary because using a Markovian representation of
the GARCH process enlarges the relevant dimension of the system.
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where B =


ij

is an mnmn matrix satisfying the condition: 
ij
= 1
if i = j 2 S
c
and 0 otherwise. For European knock-out moving barrier
options, the recursive system can be simplied to:
V (
 !
p ; 0) =
(
e
 rT

0

1
: : :
T 1
max
n
w[exp (
 !
p ) K
~
1];
~
0
o
if a
0
= 0
~
0 if a
0
= 1
:
(53)
The value of the option is the entry of V (
 !
p ; 0) corresponding to the
current asset price and conditional volatility. In accordance with Duan
and Simonato's (1999) design, the nal option value is determined by
the following formula:
C(S
0
; h
1
) =
d(j + 1)  ln(h
1
)
d(j + 1)  d(j)
v(j) +
ln(h
1
)  d(j)
d(j + 1)  d(j)
v(j + 1); (54)
where j is the index number satisfying d(j)  ln(h
1
)  d(j + 1), and
v(j) is [(j 1)m+(m+1)=2]-th element of V (
 !
p ; 0). A linear interpola-
tion is performed because h
1
may not exactly correspond to any of the
discretized volatilities (see Duan and Simonato, 1999, eq. (35)).
It is clear that we can deal with knock-in options by indexing all
quasi-transition probability matrices similar to those in the constant
volatility framework. The in-out parity relationship is again applicable
to European style options. This property can then be used to speed up
the calculation of the European knock-in option price by employing the
analytical approximation formula developed by Duan, et al. (1998) for
computing the plain-vanilla option value under GARCH.
4 Numerical results
The pricing of a down-and-out option in the Black-Scholes framework
is analyzed for three dierent barriers which are monitored daily and
weekly. The results are summarized in Table 1. The parameter values
employed in the analysis are provided below the table. The benchmark
values presented at the top of the table are based on the conditional
Monte Carlo simulation method of Boyle, et al. (1997). The values
corresponding to \Ceuk" are taken from Ceuk and Vorst (1996), which
were obtained by using a trinomial tree with 100 steps between any two
consecutive monitoring time points. The values corresponding to \Zvan"
at the bottom of the table were taken from Zvan et al. (1998), which are
accurate up to 0:01. We have also included the cases where the barrier
is close to the initial price of the underlying asset. These are known to
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be dicult cases for obtaining accurate barrier option prices. We have
assumed in these calculations 5 and 250 days for a week and a year,
respectively. The convergence of the Markov chain approximation ap-
pears to be fairly fast. In most cases, using 701 discrete asset prices in
approximation, i.e., m = 701, is enough to obtain penny accuracy. Sim-
ilar to Ceuk and Vorst (1996), the Markov chain approximation method
can tackle the dicult cases that the barrier is close to the initial price
of the underlying asset. But the Markov chain method requires a far
smaller number of discrete asset prices to achieve the same level of accu-
racy. Note that for weekly monitoring, the dierence between the price
of Ceuk and Vorst (1996) and ours in part arises from the dierence in
the denition of a week.
Table 2 contains prices for down-and-out and up-and-out options in
the Black-Scholes framework. The benchmark option prices are again
computed by the conditional Monte Carlo simulation method of Boyle,
et al. (1997). We compare the Markov chain approximation with the
analytical approximation of Broadie et al. (1997) as well as those based
on an 80; 000-step trinomial tree reported in Broadie et al. (1997). The
performance of the analytical approximation by Broadie et al. (1997)
becomes poorer when the barrier is closer to the initial price of the
underlying asset. Such cases can, however, be handled without diculty
using our Markov chain approximation.
Table 3 presents the results for down-and-in options in the Black-
Scholes framework with a setup identical to the ones used earlier for
down-and-out options in Table 1. The down-and-in option prices of
Ceuk and Vorst (1996) and Zvan et al. (1998), presented at the bottom
of the table, have been computed via using the in-out parity and the
analytical Black-Scholes price for the standard option.
The results for double knock-out barrier options are presented in
Table 4. The choice of parameter values follows that of Ceuk and Vorst
(1996). This facilitates a performance comparison between their method
and the Markov chain approach. The Markov chain method obtains
penny accuracy with the number of discrete asset prices as small as
m = 501. In contrast, Ceuk and Vorst (1996) had used 100 steps between
two consecutive monitoring time points, implying a much larger number
of discrete asset prices for a performance comparable to the Markov
chain method. Again, the dierences between the prices of Ceuk and
Vorst (1996) and ours in the case of weekly monitoring in part arises
from the dierence in the denition of a week.
Our analyses on three types of moving barrier options are summa-
rized in Table 5. From a numerical standpoint, the valuation expressions
for the moving barrier options discussed in the earlier sections require of
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setting up a new transition probability matrix at each discrete monitor-
ing time point. Every such a matrix amounts to forcing some entries of Q
to zeros according to whether a given asset price can trigger the moving
barrier condition specic to that particular monitoring time point. In-
stead of changing the transition probability matrix, one can also adjust
the payo at dierent monitoring time points. First, we dene an m 1
vector, L
t
= [l
i;t
], satisfying the condition: l
i;t
= 1 if i 2 S
c
t
and 0 oth-
erwise. The value of a European knock-out option with moving barriers
can alternatively be evaluated with the following recursive formula:
V (
 !
p ; t) = e
 r
Q [L
t
 V (
 !
p ; t+ 1)] ; t 2 f0; 1; :::; T   1g ;
with
V (
 !
p ; T ) = L
T
maxfw[exp (
 !
p ) K
~
1];
~
0g;
where \" is the element-by-element multiplication operator. The results
reported in Table 5 were obtained using such a numerical scheme.
The rst category of moving barrier option examined in Table 5 are
the step-barrier options. We consider two scenarios for these options. In
the rst scenario, the barrier is moved from 94 to 92 after three months,
and in the second, the barrier is shifted from 99:9 to 95 after three
months. The speeds of convergence for the Markov chain option prices
are similar under these two scenarios. One needs approximatelym = 501
to obtain penny accuracy. The second type of option considered is the
partial barrier option with the barrier starts at the 63
th
day at the
level of 95 in the rst case and at the level of 99:9 in the second. Penny
accuracy is again obtained with m = 501. The last two columns of Table
5 describe the convergence pattern of the exponential barrier option. In
the rst scenario, the barrier starts at 95 and then increases exponentially
at a rate computed by the formula in Ritchken (1995); that is, (r  
0:5
2
)=. The convergence speed of the Markov chain price to its Monte
Carlo benchmark value in this barrier scenario is comparable to the
previous cases considered in this table. Convergence appears to be slower
in the second exponential barrier scenario, where the barrier increases
exponentially at the same rate but starts at 99:9 instead. This is likely
due to the same numerical diculty related to cases where the barrier is
close to the current price of the underlying asset. Although the Markov
chain method can successfully tackle such cases if the barrier is constant,
it is a dierent matter, however, when the barrier is exponential. An
exponential barrier, in fact, prevents the discretized asset prices from
matching up with the continuously increasing barrier.
The analysis of the Markov chain method for pricing barrier options
in the NGARCH(1,1) pricing framework are summarized in Tables 6, 7
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and 8. The GARCH methodology, due to time-varying volatilities, re-
quires of setting an initial conditional volatility. Here, we consider an
average situation; that is, we assume its conditional volatility equal to
the stationary volatility under the data generating probability measure
P . Specically, the formula is h
1
= 
0
[1   
1
  
2
(1 + 
2
)]
 1
. The
specic parameter values used in the analysis are the same as in Duan
and Simonato (1999) and are provided in the respective tables. All price
estimates in Table 6 tend to their respective Monte Carlo benchmark
values as the number of states increases. For a given precision level,
the numerical scheme for the NGARCH model requires more computing
time because the transition probability matrix under the GARCH model
is much larger in dimension than that under the Black-Scholes model.
Unlike the constant volatility case, it is only possible to match the time
step of the Markov chain with the monitoring frequency if the underlying
GARCH model is dened exactly over the monitoring frequency. To be
specic, if the GARCH model is dened on a daily basis but monitoring
only takes place weekly, then weekly monitoring of a constant barrier is
equivalent to monitoring an intermittent barrier on a daily basis. Alter-
natively, one can rst obtain the relevant transition probability matrix
over one week by raising the daily transition probability matrix to an ap-
propriate power so that option valuation can be conducted on a weekly
basis.
Table 7 examines barrier options identical to those in Table 2 ex-
cept that we have changed the pricing framework from Black-Scholes to
GARCH. The convergence speed as indicated in Table 7 improves over
that in Table 6, and this phenomenon can be attributed to a shorter
maturity of the options in Table 7 (from T = 0:5 down to T = 0:2). A
shorter maturity requires a smaller number of states to obtain an equally
good approximation. In Table 8, we examine the same double barrier
options as in Table 4. The results suggest that monitoring frequency
does not aect the precision of the price estimates. By comparing with
Table 6, we can also conclude that the presence of two barriers does not
adversely aect the performance of the algorithm. In short, the precision
is mostly a function of the option's maturity.
We study the convergence pattern of American options and report
the results in Tables 9, 10 and 11. American down-and-out and down-
and-in options in the Black-Scholes pricing framework are summarized
in Tables 9 and 10, respectively. For down-and-out options, the recur-
sive system described in equations (14), (15) and (16) is used, whereas
for down-and-in options the recursive system dened by (26), (27) and
(28) is employed. We have also implemented the Markov chain method
for American down-and-out options using the GARCH pricing frame-
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work and reported the results in Table 11. The convergence patterns in
these tables suggest that the Markov chain method works well in pricing
American barrier options.
Finally, we provide some information with regard to the computing
times for valuing down-and-out and double knock-out calls in the Black-
Scholes framework. The gures reported in Table 12 were obtained on a
standard 400MHz Pentium-II PC. For down-and-out options, computing
a price with m = 501 takes approximately one second. Naturally, the
computing time increases as the number of states increases, and weekly
monitoring costs less in computing time. The computing times for double
knock-out calls are less than those for down-and-out options. Such a
result is expected because the relevant transition probability matrix for
double knock-out options is more sparse.
5 Conclusion
Barrier options are popular nancial derivatives. Their popularity calls
for the development of faster and more reliable numerical methods.
These methods must be able to accommodate at least one important
real-life feature of these options, that is, discrete monitoring of the bar-
rier. We have proposed in this paper a valuation method for discretely
monitored barrier options, and our method is derived from the general
Markov chain approach put forth by Duan and Simonato (1999). Our
method is fast and exible in handling various barrier scenarios. Our
method can easily deal with both European and American style barrier
options. In addition to pricing barrier options in the constant volatility
option valuation framework, our method also works in a time-varying
volatility option valuation framework such as the GARCH model. This
added benet can prove to be immensely valuable given our increasing
understanding of the advantages of the time-varying volatility option
valuation theory.
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A Derivation for the European style knock-
in option valuation equation
The recursive system in (29) and (30):
V (
 !
p ; t; a
t
= 0) = e
 r
V (
 !
p ; t+ 1; a
t+1
= 0)
+e
 r
,V (
 !
p ; t+ 1; a
t+1
= 1)
V (
 !
p ; t; a
t
= 1) = e
 r
QV (
 !
p ; t+ 1; a
t+1
= 1)
can be used to prove by induction that for any t 2 f0; 1; :::; T   1g ;
V (
 !
p ; t; a
t
= 0) = e
 (T t)r
 
T t
X
i=1

T t i
,Q
i 1
!
V (
 !
p ; T ; a
T
= 1)
(A.1)
V (
 !
p ; t; a
t
= 1) = e
 (T t)r
Q
T t
V (
 !
p ; T ; a
T
= 1): (A.2)
Indeed, if t = T   1, we have
V (
 !
p ; T   1; a
T 1
= 0) = e
 r
V (
 !
p ; T ; a
T
= 0)
+e
 r
,V (
 !
p ; T ; a
T
= 1)
= e
 r
,V (
 !
p ; T ; a
T
= 1)
V (
 !
p ; T   1; a
T 1
= 0) = e
 r
QV (
 !
p ; T ; a
T
= 1)
because the terminal conditions are
V (
 !
p ; T ; a
T
= 0) =
~
0
V (
 !
p ; T ; a
T
= 1) = max
n
w[exp (
 !
p ) K
~
1];
~
0
o
:
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Assuming that equations (A.1) and (A.2) hold for some
t 2 f0; 1; :::; T   1g ; we compute
V (
 !
p ; t  1; a
t 1
= 0)
= e
 r
V (
 !
p ; t; a
t
= 0) + e
 r
,V (
 !
p ; t; a
t
= 1)
= e
 r
e
 (T t)r
 
T t
X
i=1

T t i
,Q
i i
!
V (
 !
p ; T ; a
T
= 1)
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Q
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0
@
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T
= 1)
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T
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which completes the induction. If t = 0, we obtain
V (
 !
p ; 0; a
0
= 0) = e
 rT
 
T
X
i=1

T i
,Q
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!
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n
w[exp (
 !
p ) K
~
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~
0
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0
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Q
T
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n
w[exp (
 !
p ) K
~
1];
~
0
o
:
B In-out parity
If a
0
= 1, the result is obvious. If a
0
= 0, the value of the knock-in
option, according to (28), can be expressed as
V

(
 !
p ; 0) = BV (
 !
p ; 0; a
0
= 0) +AV (
 !
p ; 0; a
0
= 1):
We intend to prove by induction that
V

(
 !
p ; 0) = e
 rT
 
Q
T
 
T

max
n
w[exp (
 !
p ) K
~
1];
~
0
o
: (B.1)
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Indeed, if T = 1,
V
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(
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~
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~
0
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o
(by equations (31) and (32))
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~
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Now assume that equation (B.1) holds for some maturity date T   1 2
f2; 3; 4; :::g. If the maturity becomes T , then
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which completes the induction. 
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Table 1: European down-and-out call options in the
Black-Scholes framework
Daily Weekly
Barrier 95 99.5 99.9 95 99.5 99.9
Monte Carlo
Price 6.1662 1.9580 1.5104 6.6370 3.3494 3.0118
Std. 0.0045 0.0051 0.0047 0.0040 0.0058 0.0058
Markov chain
m = 51 6.8367 1.8935 1.3928 6.8145 3.3494 2.9713
m = 101 6.1887 2.0468 1.4804 6.6347 3.3825 2.9980
m = 201 6.2304 2.0906 1.5046 6.6496 3.3922 3.0059
m = 301 6.1779 1.9663 1.5096 6.6334 3.3563 3.0077
m = 401 6.1688 1.9853 1.5115 6.6305 3.3622 3.0085
m = 501 6.1735 1.9610 1.5124 6.6323 3.3547 3.0088
m = 601 6.1683 1.9686 1.5129 6.6306 3.3572 3.0091
m = 701 6.1709 1.9602 1.5133 6.6316 3.3546 3.0093
m = 801 6.1680 1.9636 1.5135 6.6306 3.3557 3.0094
m = 901 6.1694 1.9602 1.5137 6.6312 3.3546 3.0095
m = 1001 6.1679 1.9618 1.5138 6.6307 3.3552 3.0095
Ceuk 6.1692 1.9624 1.5116 6.6181 3.3122 2.9626
Zvan NA NA 1.506 NA NA 2.997
\Daily" and \Weekly" are discretely monitored barrier options with daily and weekly fre-
quency based on the assumption that 1 day = 1/250 years and 1 week = 1/50 years; \Monte
Carlo" are prices computed with the conditional Monte Carlo simulation method described
in Boyle, et al. (1997) using 200 000 sample paths; \Std." are standard deviations of the
Monte Carlo prices; \Markov Chain" are prices computed with the Markov chain method;
\Ceuk" and \Zvan" are prices taken from Ceuk and Vorst (1996) and Zvan, et al. (1998),
respectively; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:5 (annualized),  = 0:20
(annualized).
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Table 2: European knock-out call options in the Black-Scholes
framework
Down-and-out Up-and-out
Barrier 85 93 99 115 135 155
Monte Carlo
Price 10.5054 7.5694 3.4812 0.8085 8.9618 12.8940
Std. 0.0019 0.0040 0.0043 0.0035 0.0171 0.0081
Markov Chain
m = 51 10.9259 7.6955 3.5241 0.7705 8.6792 13.0242
m = 101 10.6303 7.8166 3.5710 0.8140 8.9100 12.9052
m = 201 10.5351 7.5808 3.4724 0.8013 8.9452 12.8998
m = 301 10.5159 7.5911 3.4843 0.8049 8.9486 12.8961
m = 401 10.5166 7.5661 3.4991 0.8064 8.9545 12.8959
m = 501 10.5093 7.5695 3.4770 0.8071 8.9570 12.8954
m = 601 10.5068 7.5636 3.4839 0.8074 8.9577 12.8949
m = 701 10.5069 7.5643 3.4751 0.8076 8.9578 12.8945
m = 801 10.5056 7.5660 3.4789 0.8076 8.9577 12.8943
m = 901 10.5057 7.5631 3.4745 0.8067 8.9577 12.8943
m = 1001 10.5050 7.5635 3.4767 0.8068 8.9577 12.8944
BGK 10.505 7.566 3.414 0.819 8.994 12.905
Trinomial 10.505 7.563 3.475 0.807 8.959 12.894
\Down-and-out" and \Up-and-out" are discretely monitored barrier options with daily
frequency (1 day=1/250 years); \Monte Carlo" are prices computed with the conditional
Monte Carlo simulation method described in Boyle, et al. (1997) using 500 000 sample
paths; \Std." are standard deviations of the Monte Carlo prices; \Markov Chain" are prices
computed with the Markov chain method; \BGK" are prices obtained from Broadie, et al.
(1997) using their analytical approximation; \Trinomial" are trinomial tree prices (80,000
steps) taken from Broadie, et al. (1997); Parameter values for the down-and-out options:
S
0
= 100, r = 0:10, K = 100, T = 0:2,  = 0:60; Parameter values for the up-and-out
options: S
0
= 110, r = 0:10, K = 100, T = 0:20,  = 0:30.
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Table 3: European down-and-in call options in the
Black-Scholes framework
Daily Weekly
Barrier 95 99.5 99.9 95 99.5 99.9
Monte Carlo
price 2.1116 6.3198 6.7674 1.6408 4.9284 5.2661
Std. 0.0045 0.0051 0.0047 0.0040 0.0058 0.0058
Markov chain
m = 51 1.9997 6.9429 7.4436 1.5675 5.0326 5.4107
m = 101 2.2462 6.3882 6.9546 1.6697 4.9219 5.3064
m = 201 2.0886 6.2283 6.8144 1.6339 4.8913 5.2776
m = 301 2.1180 6.3296 6.7864 1.6463 4.9234 5.2719
m = 401 2.1189 6.3023 6.7762 1.6479 4.9162 5.2699
m = 501 2.1103 6.3228 6.7714 1.6455 4.9231 5.2689
m = 601 2.1134 6.3131 6.7688 1.6469 4.9203 5.2684
m = 701 2.1096 6.3203 6.7672 1.6458 4.9228 5.2681
m = 801 2.1116 6.3160 6.7661 1.6466 4.9216 5.2679
m = 901 2.1097 6.3189 6.7654 1.6461 4.9226 5.2678
m = 1001 2.1108 6.3169 6.7649 1.6465 4.9220 5.2677
Ceuk 2.1086 6.3154 6.7662 1.6597 4.9656 5.3152
Zvan NA NA 6.7718 NA NA 5.2808
\Daily" and \Weekly" are discretely monitored barrier options with daily and weekly fre-
quency based on the assumption that 1 day = 1/250 years and 1 week = 1/50 years; \Monte
Carlo" are prices computed with the conditional Monte Carlo simulation method described
in Boyle, et al. (1997) using 200 000 sample paths; \Std." are standard deviations of the
Monte Carlo prices; \Markov Chain" are prices computed with the Markov chain method;
\Ceuk" and \Zvan" are prices taken from Ceuk and Vorst (1996) and Zvan, et al. (1998),
respectively; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:5 (annualized),  = 0:20
(annualized).
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Table 4: European double knock-out call options in the
Black-Scholes framework
Daily Weekly
Upper barrier 110 125 150 110 125 150
Lower barrier 95 95 95 95 95 95
Monte Carlo
Price 0.0752 2.4822 5.7919 0.1633 3.0160 6.2757
Std 0.0007 0.0059 0.0108 0.0011 0.0064 0.0110
Markov Chain
m = 51 0.0560 2.5027 6.1703 0.1582 3.0567 6.4411
m = 101 0.0656 2.3287 5.7611 0.1602 2.9759 6.2959
m = 201 0.0751 2.4715 5.8438 0.1636 3.0093 6.3161
m = 301 0.0742 2.4667 5.8044 0.1626 3.0040 6.3018
m = 401 0.0749 2.4702 5.7964 0.1628 3.0038 6.2987
m = 501 0.0752 2.4772 5.8025 0.1629 3.0057 6.3006
m = 601 0.0753 2.4783 5.7981 0.1629 3.0056 6.2990
m = 701 0.0757 2.4797 5.8013 0.1631 3.0060 6.3000
m = 801 0.0754 2.4800 5.7986 0.1629 3.0059 6.2990
m = 901 0.0756 2.4803 5.8001 0.1630 3.0059 6.2995
m = 1001 0.0756 2.4802 5.7988 0.1630 3.0058 6.2990
Ceuk 0.0758 2.4823 5.7999 0.1594 2.9895 6.2849
Zvan NA 2.485 NA NA 3.012 NA
\Daily" and \Weekly" are discretely monitored barrier options with daily and weekly
frequency based on the assumption that 1 day = 1/250 years and 1 week = 1/50 years;
\Monte Carlo" are prices computed with a crude Monte Carlo simulation using 200 000
sample paths; \Std." are standard deviations of the Monte Carlo prices; \Markov Chain"
are prices computed with the Markov chain method; \Ceuk" and \Zvan" are prices taken
from Ceuk and Vorst (1996) and Zvan, et al. (1998), respectively; Parameters: S
0
= 100,
r = 0:10, K = 100, T = 0:5 (annualized),  = 0:20 (annualized).
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Table 5: European down-and-out call options with moving
barriers in the Black-Scholes framework
Step Partial Exponential
Barrier 94  92 99:9 95 95 99:9 95exp(at) 99:9exp(at)
Monte Carlo
Price 6.7713 1.5726 7.6576 6.5311 6.0033 1.4217
Std. 0.0039 0.0050 0.0019 0.0040 0.0045 0.0045
Markov Chain
m = 51 6.8655 1.4089 8.0996 7.1136 6.2245 2.1269
m = 101 6.7973 1.5231 7.8076 6.7036 6.0513 1.7634
m = 201 6.8440 1.5612 7.6895 6.5871 6.0048 1.5694
m = 301 6.7872 1.5686 7.6753 6.5442 6.0231 1.5027
m = 401 6.7755 1.5713 7.6659 6.5419 5.9976 1.4691
m = 501 6.7802 1.5727 7.6673 6.5366 6.0110 1.4486
m = 601 6.7756 1.5734 7.6632 6.5349 5.9999 1.4343
m = 701 6.7772 1.5738 7.6606 6.5357 6.0096 1.4246
m = 801 6.7794 1.5741 7.6598 6.5371 6.0034 1.4171
m = 901 6.7760 1.5743 7.6614 6.5376 6.0081 1.4114
m = 1001 6.7771 1.5744 7.6600 6.5382 6.0069 1.4058
\Step" are discretely monitored barrier options with daily frequency (1 day=1/250 years)
and the barrier goes from 94 to 92 at the third month. \Partial" are discretely monitored
barrier options with daily frequency and the barrier starts at the 63th day; \Exponential"
are discretely monitored barrier options with daily frequency and an exponential barrier;
\Monte Carlo" are prices computed with the conditional Monte Carlo simulation method
described in Boyle, et al. (1997) using 200 000 sample paths; \Std." are standard devi-
ations of the Monte Carlo prices; \Markov Chain" are prices computed with the Markov
chain method; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:5 (annualized)  = 0:20
(annualized), a = (r   0:5
2
)=:
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Table 6: European down-and-out call options in the
NGARCH framework
Daily Weekly
Barrier 95 99.5 99.9 95 99.5 99.9
Monte Carlo
Price 6.1614 1.9406 1.3906 6.5784 3.3368 2.9245
Std. 0.0064 0.0112 0.0116 0.0057 0.0010 0.0103
Markov Chain
n = 25 m = 25 5.8890 0.8355 0.6071 6.2758 0.9449 0.6639
n = 31 m = 31 8.5691 1.2925 0.9198 9.4729 1.5341 1.0449
n = 35 m = 35 6.2506 1.4944 1.0558 6.3921 1.8347 1.2338
n = 41 m = 41 6.4074 1.6712 1.1714 6.8282 2.1629 1.4390
n = 45 m = 45 6.7323 1.7550 1.2252 7.4531 2.3506 1.5532
n = 51 m = 51 7.5332 1.8384 1.2765 8.5268 2.5816 1.6971
n = 25 m = 75 6.2454 1.9871 1.3617 6.6131 3.2009 2.1485
n = 31 m = 93 6.2200 2.0316 1.3828 6.6027 3.4419 2.3594
n = 35 m = 105 6.3577 2.0525 1.3917 6.9296 3.5334 2.4458
n = 41 m = 123 6.2809 2.0703 1.3979 6.8024 3.6223 2.5626
n = 45 m = 135 6.1987 2.0802 1.4012 6.6360 3.6547 2.6124
n = 51 m = 153 6.1845 2.0914 1.4066 6.6125 3.6895 2.6821
n = 25 m = 125 6.3003 2.0729 1.4048 6.8369 3.6279 2.5764
n = 31 m = 155 6.1925 2.0935 1.4119 6.6374 3.6954 2.6979
n = 35 m = 175 6.1834 2.1000 1.4139 6.6282 3.7072 2.7507
n = 41 m = 205 6.1594 1.9205 1.4159 6.5624 3.1628 2.8043
n = 45 m = 225 6.1599 1.9222 1.4161 6.5694 3.2128 2.8216
n = 51 m = 255 6.1674 1.9308 1.4183 6.6079 3.2768 2.8497
n = 25 m = 175 6.1805 2.0984 1.4165 6.6238 3.7042 2.7519
n = 31 m = 217 6.1808 1.9257 1.4201 6.6336 3.2038 2.8268
n = 35 m = 245 6.1568 1.9288 1.4207 6.5709 3.2639 2.8490
n = 41 m = 287 6.1564 1.9391 1.4205 6.5810 3.3290 2.8752
n = 45 m = 315 6.1614 1.9474 1.4209 6.5994 3.3577 2.8850
n = 51 m = 357 6.1629 1.9585 1.4207 6.6032 3.3917 2.8996
\Daily" and \Weekly" are discretely monitored barrier options with daily and weekly
frequency based on the assumption that 1 day = 1/250 years and 1 week = 1/50 years;
\Monte Carlo" are prices computed with Monte Carlo simulation using 500 000 sample
paths and the Black-Scholes price as the control variate; \Std." are standard deviations
of the Monte Carlo prices; \Markov Chain" are prices computed with the Markov chain
method; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:5 (annualized), 
0
= 0:00001

1
= 0:80 
2
= 0:10;  = 0:3;  = 0:2;
p
h
1
= 0:010483.
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Table 7: European knock-out call options in the NGARCH
framework
Down-and-out Up-and-out
Barrier 85 93 99 115 135 155
Monte Carlo
Price 4.2099 4.1053 1.9694 2.4021 12.1035 12.3620
Std. 0.0014 0.0017 0.0054 0.0057 0.0047 0.0019
Markov chain
n = 25 m = 25 4.8610 4.6439 2.2572 1.6082 11.8833 12.6777
n = 31 m = 31 4.7395 4.5399 2.4239 2.0752 12.0393 12.6191
n = 35 m = 35 4.6409 4.5058 2.4803 3.0620 11.8839 12.5695
n = 41 m = 41 4.5267 4.3811 2.5449 2.0167 11.9697 12.5076
n = 45 m = 45 4.4866 4.3936 2.5742 2.2925 12.0576 12.4851
n = 51 m = 51 4.4272 4.3082 2.6040 2.0967 12.0024 12.4563
n = 25 m = 75 4.3252 4.2142 1.9815 2.4863 12.0289 12.3986
n = 31 m = 93 4.2910 4.1846 2.0307 2.2864 12.0639 12.3875
n = 35 m = 105 4.2618 4.1539 2.0642 2.3197 12.0751 12.3740
n = 41 m = 123 4.2539 4.1470 1.9653 2.3511 12.0772 12.3709
n = 45 m = 135 4.2501 4.1466 1.9712 2.3456 12.0776 12.3684
n = 51 m = 153 4.2343 4.1296 1.9875 2.3857 12.0806 12.3617
n = 25 m = 125 4.2753 4.1693 1.9692 2.3292 12.0508 12.3715
n = 31 m = 155 4.2447 4.1381 1.9923 2.3870 12.0743 12.3658
n = 35 m = 175 4.2306 4.1279 1.9642 2.3661 12.0758 12.3583
n = 41 m = 205 4.2219 4.1196 1.9712 2.3814 12.0769 12.3540
n = 45 m = 225 4.2215 4.1197 1.9830 2.3989 12.0773 12.3534
n = 51 m = 255 4.2219 4.1189 1.9662 2.3777 12.0795 12.3552
n = 25 m = 175 4.2455 4.1412 1.9662 2.3448 12.0683 12.3620
n = 31 m = 217 4.2351 4.1308 1.9794 2.3621 12.0706 12.3594
n = 35 m = 245 4.2172 4.1161 1.9651 2.3848 12.0809 12.3525
n = 41 m = 287 4.2167 4.1150 1.9759 2.3865 12.0794 12.3525
n = 45 m = 315 4.2164 4.1148 1.9649 2.3851 12.0778 12.3509
n = 51 m = 357 4.2077 4.1074 1.9742 2.3973 12.0824 12.3482
\Down-and-out" and \Up-and-out" are discretely monitored barrier options with daily
frequency (1 day=1/250 years); \Monte Carlo" are prices computed with Monte Carlo
simulation using 500 000 sample paths and the Black-Scholes price as the control variate;
\Std." are standard deviations of the Monte Carlo prices; \Markov Chain" are prices
computed with the Markov chain method; Parameter values for the down-and-out options:
S
0
= 100, r = 0:10, K = 100, T = 0:2; Parameter values for the up-and-out options:
S
0
= 110, r = 0:10, K = 100, T = 0:20; GARCH parameter values: 
0
= 0:00001

1
= 0:80 
2
= 0:10  = 0:3  = 0:2
p
h
1
= 0:010483:
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Table 8: European double knock-out call options in the
NGARCH framework
Daily Weekly
Upper barrier 110 125 155 110 125 155
Lower barrier 95 95 95 95 95 95
Monte Carlo
Price 0.1985 3.6035 6.1006 0.3430 4.1386 6.5501
Std. 0.0015 0.0086 0.0128 0.0020 0.0090 0.0129
Markov Chain
n = 25 m = 25 1.3868 3.5555 5.8219 1.6567 4.0127 6.2247
n = 31 m = 31 0.3072 3.5733 8.1659 0.4583 4.1633 9.1445
n = 35 m = 35 0.5160 2.0538 5.7329 0.7371 2.1472 5.9162
n = 41 m = 41 0.0708 2.4147 5.9379 0.1267 2.8556 6.3603
n = 45 m = 45 0.3743 2.6560 6.4740 0.7779 3.2987 7.2564
n = 51 m = 51 0.1883 4.1806 7.2122 0.3892 5.5037 8.2298
n = 25 m = 75 0.2071 3.0914 6.0947 0.4270 3.5936 6.4896
n = 31 m = 93 0.1600 3.2927 6.0845 0.3010 3.8647 6.4817
n = 35 m = 105 0.2077 3.4217 6.2419 0.4275 4.0849 6.8269
n = 41 m = 123 0.1852 3.4909 6.1790 0.3504 4.1373 6.7082
n = 45 m = 135 0.1928 3.4437 6.1038 0.3567 3.9749 6.5488
n = 51 m = 153 0.1835 3.4887 6.0976 0.3220 4.0261 6.5360
n = 25 m = 125 0.2070 3.4698 6.2055 0.4042 4.0410 6.7564
n = 31 m = 155 0.1876 3.4506 6.1029 0.3419 3.9446 6.5575
n = 35 m = 175 0.1888 3.5025 6.0990 0.3379 4.0519 6.5541
n = 41 m = 205 0.1907 3.5295 6.0810 0.3266 4.0269 6.4915
n = 45 m = 225 0.1903 3.5596 6.0825 0.3245 4.0907 6.5001
n = 51 m = 255 0.1956 3.5832 6.0938 0.3348 4.1253 6.5426
n = 25 m = 175 0.1885 3.4894 6.0933 0.3376 4.0378 6.5474
n = 31 m = 217 0.1947 3.5364 6.1028 0.3458 4.0589 6.5657
n = 35 m = 245 0.1897 3.5379 6.0794 0.3225 4.0462 6.5021
n = 41 m = 287 0.1918 3.5616 6.0810 0.3276 4.0934 6.5142
n = 45 m = 315 0.1960 3.5828 6.0893 0.3311 4.1017 6.5359
n = 51 m = 357 0.1964 3.5875 6.0910 0.3327 4.1189 6.5397
\Daily" and \Weekly" are discretely monitored barrier options with daily and weekly
frequency based on the assumption that 1 day = 1/250 years and 1 week = 1/50 years;
\Monte Carlo" are prices computed with Monte Carlo simulation using 500 000 sample
paths and the Black-Scholes price as the control variate; \Std." are standard deviations
of the Monte Carlo prices; \Markov Chain" are prices computed with the Markov chain
method; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:5 (annualized), 
0
= 0:00001

1
= 0:80 
2
= 0:10;  = 0:3;  = 0:2;
p
h
1
= 0:010483.
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Table 9: American down-and-out put options in the
Black-Scholes framework
European American
Barrier 85 93 99 85 93 99
Markov chain
m = 51 2.0297 0.3698 0.0000 2.9301 2.6708 0.0000
m = 101 2.0299 0.3952 0.0009 2.8472 2.6349 0.2844
m = 201 2.0221 0.3975 0.0011 2.8240 2.6159 0.2902
m = 301 2.0224 0.3992 0.0011 2.8194 2.6124 0.2858
m = 401 2.0218 0.3999 0.0011 2.8177 2.6112 0.2823
m = 501 2.0213 0.4001 0.0011 2.8169 2.6107 0.2855
m = 601 2.0210 0.3995 0.0011 2.8164 2.6105 0.2854
m = 701 2.0213 0.3995 0.0011 2.8162 2.6102 0.2867
m = 801 2.0210 0.3996 0.0011 2.8160 2.6101 0.2859
m = 901 2.0211 0.3996 0.0011 2.8159 2.6100 0.2855
m = 1001 2.0210 0.3996 0.0011 2.8158 2.6099 0.2862
\European" and \American" are two styles of discretely monitored barrier options with
daily frequency (1 day=1/250 years). For American options, early exercice is permitted on
a daily basis; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:2 (annualized),  = 0:20
(annualized).
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Table 10: American down-and-in put options in the
Black-Scholes framework
European American
Barrier 85 93 99 85 93 99
Markov chain
m = 51 2.6337 3.7082 3.8014 2.9857 4.2468 4.3423
m = 101 2.2455 3.3750 3.5175 2.5366 3.8944 4.0416
m = 201 2.1686 3.3172 3.4367 2.4505 3.8332 3.9562
m = 301 2.1381 3.2875 3.4200 2.4145 3.8020 3.9386
m = 401 2.1626 3.2732 3.4140 2.4457 3.7868 3.9322
m = 501 2.1373 3.2771 3.4111 2.4145 3.7910 3.9291
m = 601 2.1484 3.2796 3.4094 2.4285 3.7936 3.9274
m = 701 2.1546 3.2724 3.4085 2.4363 3.7859 3.9264
m = 801 2.1579 3.2746 3.4078 2.4405 3.7883 3.9257
m = 901 2.1385 3.2763 3.4073 2.4165 3.7900 3.9252
m = 1001 2.1410 3.2711 3.4070 2.4195 3.7846 3.9249
\European" and \American" are two styles of discretely monitored barrier options with
daily frequency (1 day=1/250 years). For American options, early exercice is permitted on
a daily basis; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:2 (annualized),  = 0:20
(annualized).
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Table 11: American down-and-out put options in the
NGARCH framework
European American
Barrier 85 93 99 85 93 99
Markov Chain
m = 25 n = 25 1.9847 0.1110 0.0000 4.1086 3.4670 0.0000
m = 31 n = 31 1.5766 0.1452 0.0000 4.6099 3.4736 0.0000
m = 35 n = 35 1.0486 0.2817 0.0000 4.5704 3.2675 0.0000
m = 41 n = 41 1.0887 0.0931 0.0000 4.3984 3.4076 0.0000
m = 45 n = 45 0.9798 0.1296 0.0000 4.3169 3.3579 0.0000
m = 51 n = 51 1.0204 0.0960 0.0000 4.1571 3.2511 0.0000
m = 25 n = 75 1.1066 0.1130 0.0000 3.7887 3.0914 0.0000
m = 31 n = 93 1.1074 0.1188 0.0002 3.7013 3.0428 0.4256
m = 35 n = 105 1.1076 0.1198 0.0002 3.6421 3.0247 0.4079
m = 41 n = 123 1.1169 0.1272 0.0002 3.5721 2.9876 0.3783
m = 45 n = 135 1.1190 0.1271 0.0002 3.5362 2.9674 0.3584
m = 51 n = 153 1.1175 0.1319 0.0002 3.5116 2.9496 0.3299
m = 25 n = 125 1.1176 0.1324 0.0002 3.5464 2.9770 0.3720
m = 31 n = 155 1.1105 0.1251 0.0002 3.5246 2.9630 0.3251
m = 35 n = 175 1.1184 0.1284 0.0002 3.4957 2.9494 0.2984
m = 41 n = 205 1.1186 0.1305 0.0003 3.4645 2.9313 0.3511
m = 45 n = 225 1.1203 0.1287 0.0003 3.4595 2.9293 0.3410
m = 51 n = 255 1.1217 0.1301 0.0003 3.4380 2.9189 0.3239
m = 25 n = 175 1.1265 0.1294 0.0002 3.4903 2.9505 0.2973
m = 31 n = 217 1.1172 0.1292 0.0003 3.4715 2.9340 0.3442
m = 35 n = 245 1.1269 0.1303 0.0003 3.4550 2.9275 0.3285
m = 41 n = 287 1.1239 0.1305 0.0003 3.4470 2.9228 0.3343
m = 45 n = 315 1.1244 0.1314 0.0003 3.4281 2.9139 0.3337
m = 51 n = 357 1.1248 0.1310 0.0003 3.4303 2.9137 0.3279
\European" and \American" are two styles of discretely monitored barrier options with
daily frequency (1 day=1/250 years). For American options, early exercice is permitted
on a daily basis; Parameters : S
0
= 100, r = 0:10, K = 100, T = 0:5 (annualized),

0
= 0:00001 
1
= 0:80 
2
= 0:10;  = 0:3;  = 0:2;
p
h
1
= 0:010483:
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Table 12: Computing times for European knock-out call
options in the Black-Scholes framework
Daily Weekly
Down and out
m = 501 1.17 0.92
m = 801 3.02 2.23
m = 1001 4.83 3.41
Double knock-out
m = 501 0.81 0.70
m = 801 1.88 1.68
m = 1001 2.95 2.57
\Daily" and \Weekly" are computing times (in seconds) for discretely monitored barrier
options with daily and weekly frequency (1 day = 1/250 years and 1 week = 1/50 years)
on a 400 MHz Pentium-II PC; Parameters: S
0
= 100, r = 0:10, K = 100, T = 0:5
(annualized),  = 0:20 (annualized). Barrier level for down-and-out options: H = 95.
Barrier levels for double knock-out options: H
upper
= 125, H
lower
= 95.
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